MORSE THEORY OF CAUSAL GEODESICS IN A STATIONARY 
SPACETIME VIA MORSE THEORY OF GEODESICS OF A 

FINSLER METRIC 



ERASMO CAPONIO, MIGUEL ANGEL JAVALOYES, AND ANTONIO MASIELLO 

Abstract. We show that the index of a lighthke geodesic in a conformally 
standard stationary spacetime (A^o X Riff) is equal to the index of its spatial 
projection as a geodesic of a Finsler metric F on Mo associated to (A^o X R, g). 
Moreover we obtain the Morse relations of lightlike geodesies connecting a 
point p to a curve 7(s) = (go, s) by using Morse theory on the Finsler manifold 
(A^Oi^)- To this end, we prove a splitting lemma for the energy functional 
of a Finsler metric. Finally, we show that the reduction to Morse theory of a 
Finsler manifold can be done also for timclikc geodesies. 



Since the seminal paper [41], Morse theory has been apphed successfully to space- 
time geometry (Lorentzian manifolds) and global problems of general relativity. For 
instance, a consequence of the Morse relations of lightlike geodesies proved in [41] 
is that on a contractiblc globally hyperbolic spacetime, whose metric satisfies a 
suitable growth condition, the number of images produced by a gravitational lens 
is odd (or infinity) [27]. Gravitational Icnsing is the phenomenon where the gravita- 
tional field of a galaxy, located between an observer and a star, bends the light rays 
emitted by the star and focuses them at the same instant of observation, causing 
the observer to see multiple images of the same star (see e. g. [-"iS]). 

After the papers [41, 27], Morse theory has been applied to compute the number 
of lightlike geodesies between an event and a timelike curve, on different classes of 
spacetimes and for different types of lenses and sources (see e. g. [13, 14, 16, 19, 



We recall that a Lorentzian manifold (A4, g) is a smooth connected manifold M 
endowed with a symmetric non-degenerate tensor field g of type (0, 2) having index 
1. The geodesies of {M.,g) are the critical points of the energy functional of the 
metric g 
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1. Introduction 
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So they are the smooth curves z: [a,b] Ai satisfying the equation Vii = 0, 
where V is the Levi-Civita connection of the metric g. If z is a geodesic, the 
function s i—t g{z(s))[z{s), i(s)] : = Ez is constant. According to the sign of E^, a 
geodesic is said timelike if E^ < 0, lightlike if E^ — and spacelike if E^ > or 
z ^ 0. Timehke and hghthke geodesies are also cahed causal. Such a terminology 
is also used for any vector in any tangent space and for any picccwisc smooth curve 
iff its tangent vector field has the same character at any point where it is defined. 

A striking difference with the Riemannian case is that the energy functional of 
a Lorentzian metric is unbounded both from below and above and the Morse index 
of its critical points is +oo. The common strategy used to develop Morse theory of 
a Lorentzian manifold is to consider only a particular type of geodesies (timelike or 
lightlike), to restrict the index form to the vector fields that are orthogonal to the 
geodesic, in the timelike case, and orthogonal modulo the vector fields pointwise 
collinear to the velocity vector field of the geodesic, in the lightlike case, and to use 
the length functional on a finite dimensional approximation of the path space (see 
[7, Ch. 10] and the references therein). Another approach is to substitute the energy 
functional with a functional which has nice variational properties. This works for 
lightlike geodesies, which are the critical points of the arrival time functional (see 
[41]), or for particular kinds of Lorentzian manifolds as the standard stationary 
ones (see [G, 23])."^ 

The aim of this paper is twofold: to show that for a standard stationary Loren- 
tzian manifold, Morse theory of causal geodesies can be reduced to Morse theory of 
geodesies of a Finsler manifold of Randers type associated to the spacctime; to show 
that Morse theory for geodesies connecting two points on a Finsler manifolds can 
be casted in a purely infinite dimensional setting without using finite dimensional 
approximations. 

In regard to the first aim, we will show that the number of conjugate instants 
(counted with their multiplicity) along a lightlike [resp. timelike] geodesic is equal 
to that of the corresponding Finslerian geodesic (Theorem 3.2) [resp. Theorem 4.1]. 
Moreover the Morse relations of lightlike [resp. timelike parametrized with respect 
to the proper time on a given interval] geodesies joining a point with a timelike curve 
on the spacetime can be obtained from the Morse relations of the geodesies joining 
two points on the Finsler manifold (Theorem 3.4) [resp. Theorem 4.1]. Although 
this reduction is very natural and convenient, stationary spacetimes seem to be the 
only type of spacetimes where it works fine, without leaving the realm of strongly 
convex Finsler metrics (cf. also [IT]). 

We recall that a Finsler metric F on a, manifold M is a continuous function 
F: TM [0, +oo) such that 

• F is smooth on TM \ 0; 

• _F is fiberwise positively homogeneus of degree one, that is F(x, Xy) = 
XF{x, y), for all xe M,ye T^M and A > 0; 

• F has fiberwise strongly convex square, that is 

-la^ - 



Stj{x,y) = 



is positively defined for any (x, y) G TM \ 0. 



^For recent results about the Morse index theorem in the spacelike case and the Morse relations 
for all type of geodesies see respectively [-Mi] and [2]. 
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By the Euler's theorem we have that F'^{x,y) = g{x,y)[y,y]. A Finsler metric is 
said of Randers type if 

F{x,y) = ^/a{x)[y,y] + uj{x)[y], 

where a is a Ricmannian metric on M and w is a 1-form on M having norm with 
respect to a strictly less than 1 (see [j, p. 17]). 

The length of a piecewise smooth curve 7: [a,b] C K ^ A/ with respect to the 
Finsler metric F is defined by ^(7) = /^i^(7(s), 7(s))d.s. Thus the distance between 
two arbitrary points p, q G M is given by 

dist(p,g)= inf i(7), (2) 

76C(p,g) 

where C{p, q) is the set of all piecewise smooth curves 7: [a,b] ^ M with 7(a) = p 
and 7(6) = q. The distance function (2) is nonnegative and satisfies the triangle 
inequality, but it is not symmetric as F is non-reversible. Thus one has to dis- 
tinguish the order of a pair of points in M when speaking about distance. As a 
consequence, one is naturally led to the notions of forward and backward Cauchy 
sequences and completeness (see [5, §6.2]): a sequence {Xn} C M is called forward 
[rcsp. backward^ Cauchy sequence if for all e > there exists 1/ £ N such that, for all 
V "^i^ j, dis,i{xi,Xj) < e [resp. d\st{xj,Xi) < e]; {M,F) is forward complete [rcsp. 
backward complete] if all forward [resp. backward] Cauchy sequences converge. 

The geodesies x : [0, 1] ^ M of a Finsler manifold (M, F) parametrized with 
constant speed F(x, x) are the curves x satisfying the equation 

Dix = 0, 

where D±x is the Chern covariant derivative of x along x with reference vector x (see 
[5, Chapter 5 and Exercise 5.2.5]). As it is shown for example in [8, Proposition 2.3], 
the geodesies parametrized with constant speed joining two given points po,qo G M 
coincide with the critical points of the energy functional 

1 

Eix) = ^ j^F\x,x)ds 

defined on the manifold npg^qQ{M), which is the collection of the curves x: [0, 1] 
M such that a;(0) = po, x{l) = qo and having i?^ -regularity, that is x is abso- 
lutely continuous and the integral J^h{x)[x , x]ds is finite. Here h is any complete 
Riemannian manifold on M. It is well known that flpg qg{M) is a Hilbert manifold 
modeled on any of the equivalent Hilbert spaces of 7?^-sections, with vanishing 
endpoints, of the pulled back bundle x*TM , x any regular curve in M connecting 
Po to go [^1; Proposition 2.4.1]. The Riemannian metric on flpg^qg{M) is given by 

{X,Y)= [\{x)[VlX,VlY]ds, 
Ja 

for every i/Q-scction, X and Y of x*TM, V'' being the Levi-Civita connection of 
the metric h. 

As in Ricmannian geometry, Jacobi vector fields are the vector fields along the 
geodesic x which give rise to variations of x by means of geodesies (parametrized 
with constant Finslerian speed), see [h, §5.4] or [39, §11.2]. A conjugate instant 
s along the geodesic a; : [0, 1] ^ M is a value of the parameter s such that there 
exists a Jacobi vector field J, with J(0) = J(s) = 0. The multiplicity of a conjugate 
instant is the dimension of the vector space of the Jacobi vector fields vanishing at 
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and s. Two points po and qo on M are said to be non-conjugate in (A/, _F) if s = 1 
is not a conjugate instant along any geodesic x: [0, 1] — > M such that a;(0) = po and 
x{l) = qo- We oberve that on a Randers manifold we can consider other type of 
Jacobi vector fields, given by variations of geodesies parametrized to have constant 
speed with respect to the Riemannian metric, but as commented in Remark 3.3, 
they generate the same conjugate points as the classical ones. 

The function G ^ is smooth outside the zero section but it is only 
on the whole tangent bundle. It is on TM if and only if it is the square of 
the norm of a Riemannian metric (see [42]). Hence the lack of regularity on the 
zero section is a characteristic property of Finsler metrics. This has consequences 
on the level of regularity of the energy functional of a Finsler metric. It is easy 
to see that E is a C^'^-functional on ^lpg^gg{M), i. e. it is differentiable with 
locally Lipschitz differential (see [2(S, Theorem 4.1]) but it is well known that E 
is not a C^-functional on ilpg,qg{M). This fact makes difficult the application 
of infinite dimensional methods in Morse theory for Finsler manifolds and indeed 
approximations of flpg^qo {M) (or of the free loop space ^l{M), in the closed geodesies 
problem) by finite dimensional manifolds are commonly used to apply Morse theory 
to the energy functional of a Finsler metric, see for instance [>>!), Chapter 17] (or 
[2-5] and [4] in the periodic case). 

Nevertheless, in several papers about geodesies on Finsler manifolds it is claimed 
that E is twice Frechet differentiable in the iJ^-topology at any critical point (a 
geodesic). In particular, in [2!)] the authors prove an extension of the Morse Lemma 
to the case of a C^'^-functional defined on a Hilbert manifold and twice Frechet 
differentiable at any non-degenerate critical point and then apply their result to 
cover Morse theory for closed geodesies of a bumpy Finsler metric on a compact 
manifold. Unfortunately, as recently shown by A. Abbondandolo and M. Schwarz 
[3], the energy functional of a Finsler metric is twice differentiable at a critical 
point if and only if F'^{x,y) is Riemannian along the critical point. Although [3, 
Proposition 2.3] deals with smooth time-dependent Lagrangians having at most 
quadratic growth in the velocities, the argument developed there works also for the 
square of a Finsler metric since it does not require continuity of the derivatives 
QyiQyi on the zero section. Moreover the proof in [■!] concerns any curve in the 
manifold iJ^([0, 1], M) but it works, with minor modifications, also for curves satis- 
fying periodic or fixed endpoint boundary conditions. Without the Morse Lemma, 
the computation of the critical groups, which are the local homotopic invariants 
describing the "nature" of an isolated critical point (see [37]), cannot be carried 
out in the usual way as claimed in [29, Proposition 2.2]. 

To overcome this problem, we use some ideas of K.-C. Chang who proved a 
splitting lemma (i.e. an extension of the Morse Lemma to the case of a degenerate 
critical point) for a C^-functional J defined on a Banach space X immersed contin- 
uously as a dense subspace of a Hilbert space H and whose gradient is of the type 
V/(a;) ^ X — K ■ L{x), where L is a C^'^-map from H to another Banach space E 
and K is a continuous linear operator from E to X (see [11] and also [10, Remark 
5.1.15]). Such a result was extended in [20] for a C^'^ -functional on H which is 
on an open subset U of X. Similar ideas have also appeared in M. Struwe's work 
about the Plateau's problem (cf. [40]) and in [30]. In particular the extension of 
the splitting lemma to Banach spaces proved in this last paper is suited also for the 
energy functional of a Finsler metric. 
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In fact, the energy functional E is on the manifold of the smooth regular 
curves, having fixed endpoints, endowed with the C^-topology. After a localiza- 
tion procedure which allows us to work on the Hilbert space Hq{[0, 1],U), U being 
an open subset of K", n ~ dimAf, the extension to iJQ([0, 1],R") of the second 
Frechet derivative of £' at a critical point x is given, with respect to a scalar prod- 
uct (•, •) equivalent to the standard one, by A{x) = I + K{x), where / is the 
identity operator of ifQ([0, 1],R") and K{x) is a bounded linear operator from 
H^{[0, 1],M") to C^iiO, 1],]R"). More important, the gradient of evaluated at the 
curves in D d Cq([0, !],[/) is a field in Cq ([0, 1], K"). Here D is the open subset 
of Co([0, 1], U) which corresponds to the curves where the localized Lagrangian is 
regular (see the beginning of Section 2). Using the scalar product (•, •) and the 
operator A{x) to represent i?, we obtain a splitting lemma for E restricted to 
Co([0, !],[/) (Theorem 2.7) and the Morse relations for the geodesies connecting 
two non-conjugate points in (M,F). 

2. The splitting lemma for the energy functional of a Finsler 



By using a localization argument (see [1, Appendix A]), we can assume that the 
energy functional E is given in a coordinate system of the manifold flpg^qg{M) by 



where G is a "time-dependent" (non-homogeneous) Lagrangian defined on an open 
subset U of R", n = dimAf. The localization argument works as follows. Assume 
that X : [0, 1] — > Af is a differentiable curve of the Finsler metric F connecting the 
points po and go- Let exp be the exponential map of the auxiliary Riemannian 
metric h, fi{p) be the injectivity radius of the point p in (Af, h) and p = inf{/i(p) : 
p G x{[0, 1])}. Let [0, 1] 9 s ^ E(s) = (£'i(s), . • . , En{s)) be a parallel orthonormal 
frame along x, Ps : R" T^(^s)M defined as Ps{qi, . . . ,qr) = qiEi{s) -|- . . . + 
qnEn{s) and consider the Euclidean open ball U of radius p/2 and the map ip{s, q) ~ 
expg(g)Ps('z)- The map (fs : U ^ M, defined as ips{q) ~ Lp{s,q), is injective with 
invertible differential dips{q), for every s £ [0, 1] and q G U. 
The Lagrangian G : [0, 1] x [/ x M" ^ R is defined as 



It is continuous on [0, 1] x U x M" . The lack of regularity of F^ on the zero section 
of TM is inherited by G on the set Z d [0,1] x U x given by all the points 
{s,q,y) such that dip{s, q)[{l,y)] = 0. Observe that for each {s,q) e [0,1] x U 
there is only one y £ M" such that d(p{s,q)[{l,y)] = 0. In fact, d(p{s,q)[{l,y)] ~ 
ds(p{s, q) +dqip{s, q)[y], where ds(p{s, q) and dqip{s, q) are the partial differentials of 
if with respect to the s and q variables; as dq(p{s, q) is injective, y £ M" is the only 
vector such that dqip{s, q)[y] ~ —ds(p{s, q). 

Since F'^ is fiberwise strictly convex, we have that Gyy{s, q, y) is positive definite 
for aU (s, g, y) e [0, 1] x f/ x R" \ Z. 

Define the map 



METRIC AND THE MORSE RELATIONS 




(3) 



G{s,q,y) ^ F\^{s,q),dv{s,qm,y)])■ 



{'^) 



V.:Hl{[OMU)-^%,,q,{M) 



¥'*(C)('S) = V{s,i{s)). 



(5) 
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Hence E ^ E o ip^,. Observe that the constant function e Hq{[0, 1], U) is mapped 
by (fit: to the geodesic x. 

Let D be the open subset of Cq ([0, 1], U) made up by all the curves x such that 
(s, x{s), x{s)) ^ Z, for aU s e [0, 1]. 

By a standard argument, it can be proved that E is twice Frechet differentiable 
at a: in D endowed with the C^-topology. 

Lemma 2.1. E admits second Frechet derivative D^E{x) at a curve x E D, with 
respect to the -topology and it is given by 



Observe that the right-hand side of (6) can be extended to a bounded symmetric 
bilinear form B on H^{[0, 1],K"). 

Observe also that the vector fields u in the kernel N oi B in i7g ([0, 1], K") 
correspond to the Jacobi fields along the geodesic x, vanishing at the endpoints. 
Therefore they are smooth and N is finite dimensional. 

Since G is fiberwise strictly convex, the bilinear form 



^ Jo 

defines a scalar product (•, •) on Hq{[0, 1],M") which is equivalent to the standard 
one. 

Lemma 2.2. Let B be the extension of D'^E{0) to H^{[0,1],R"). There exists a 
bounded linear operator A: H^i[0, H^{[0, 1],K") of the type A = I + K 
wherel is the identity operator and K : H^dO,!],^) H^{[0,1],W) is a bounded 
linear operator, such that B is represented with respect to the scalar product (7) by 
A. Moreover the range of K is contained in Co([0, 1],R") and, as an operator 
H^i[0, 1],M") -> CoH[0, 1],M"), K IS bounded as well. 

Proof. From (6) , K is the sum of the bounded linear operators Ki : Hq ([0,1], R" ) — ^ 
C,;;([0,1],R"), i = 1,2,3, defined as follows. For each s £ [0,1], let 0^^(3,0,0) be 
the inverse matrix of Gyy{s, 0,0). For any ^ e i7o^([0, 1], M") let K^^, be the C^- 
vector field Wi which solves the equation 



D^E{x)[^i,^2] 






and vanishes at s = 0, 1, so that 




Hence 




(8) 
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where Ci (^) is the constant vector equal to 

C,{0= ( f'Gyyis,0,0)ds) f /'g^^(s,0,0)( / G,,(r,0,0)Cdr)d,s) (9) 



(notice that since G'*'^(s, 0,0) is positive definite for all s G [0,1], the matrix 
/p G^''(s, 0, 0)ds is positive definite and invertible). 

Analogously and are the curves W2 and W3 in Go([0, 1],M") which 
solve respectively the equations 

W2 = Gyy{s, 0, 0) • Gygis, 0, 0)^ + Gyy{s, o, 0)^2(0, (10) 
W3 = -Gyy{s,o,o) r Ggy{T,o,o)^dT + Gyy{s,o,o)C3{0, (n) 

Jo 

where C2(^) is the constant vector equal to 

^2(0 = - (^^' Gyy{s, 0, o)ds^ {J^^''^'' o)G,,(s, 0, o)^ds^ (12) 

and 

G3(0 = (^J^Gyy{s,0,0)ds^ ^'g««(s,0,0) ^'G,,(T,0,0)^dT^ ds^ . (13) 

□ 

Remark 2.3. By the compact embedding oiH^{[0, 1], M") in G5([0, 1], M"), it follows 
by (8), (9), (10), (12) that Ki and A'2 are compact operators in i/^([0, 1], M"), 
moreover from the Ascoli-Arzela theorem and (11), (13), also K3 is compact and 
then A is a Fredholm operator in -ffo([0, 1],R") with closed range equal to N^. 

Remark 2.4. Since N is contained in GoH[0, 1],M"), every £, G Go^([0, 1], R"), as a 
vector field in H^i[0, 1],R"), has projection on which is also in C^{[0, 1], M"). 
Hence Go([0, 1],M") is the topological direct sum of the closed subspaces N and 
iV^nGi([0,l],]R"). 

Let us define by P: iV©(A^-LnGoH[0, 1], M")) -> iV^nGoi([0, 1],M") the projection 
operator. 

In the following, we will denote by || • || and || • Hc-i respectively the norm of 
H^{[0, 1], M" ) endowed with the scalar product (7) and the norm of the topology 
inGi([0,l],M"). 

Lemma 2.5. The restriction A of A to the subspace n Gq([0, 1],M") is an in- 
vertible operator A: N^nC^{[0, 1],R") iV^nGoH[0, 1],M") with bounded inverse. 

Proof. Let r/ G iV^ n C^{[0, 1],M"). Observe that as a curve in H^{[0, 1],M"), Ar] 
belongs to N^. Since Ari = r] + Kr] and R{K) C Go^([0, 1],M"), Ar] G C^{[0, 1],M"). 
Moreover 

WAvWc^ < hllci + WKvWc^ < WvWc^ + \\K\M\ < WvWc^ + ll^lllk/llc- 

Therefore A is bounded from D C^{[0, 1], R") to D C^{[0, 1], M"). Moreover 
for any 77 G A^-^ n G^([0, 1],R") let i] G A^^ such that Arj = fj. Hence t] = fj - 
Krj G Gq ([0, 1], M") that is A is surjectivc and by the open mapping theorem it has 
bounded inverse. □ 
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Lemma 2.6. Let x e D, then \/E{x) G Cg ([0, 1]), K"). Moreover the map x S 
D 1-^ 'SIE{x) is continuous in the topology. 

Proof. Let x & D, the differential of _E at a; in i?o([0, 1], U) is given by 



2 Jo 



dE{x)[^]^l I {Gg{s,x,x)^ + Gy{s,x,x)^)ds 



for all ^ G i?o([0, 1],M"), hence V^(x) is the curve W in i?o^([0, 1],M") such that 
W = Gyy{s, 0, 0) Gg{T, X, x)dT + Gy{s, X, x) + C{x)^ (14) 

where 

C(x) = (^J^ G««(s, 0, 0)ds^ ^ Gyy{s, 0, 0) (^J^ Gg{T, X, x)dT - Gy{s, x, i)^ ds. 

(15) 

From (14) and (15), we see that VE{x) G Co([0, 1],M") and using uniform continu- 
ity of the vector fields Gg(s, y) a.nd Gy{s,q,y) we get that \\\7E{x„) — 'VE{x)\\ci 
if — > X in the G^ topology. □ 



Theorem 2.7. Let xq be a geodesic of the Finsler manifold (M, F) connecting two 
points po and qo in M and consider the function tp^, defined in (5) associated to xq. 
Then there exist a ball B{0, r) in Gq{[0, 1], U) centered at 0, a local homeomorphism 
(/>: B{0,r) ^ (t>{B{0,r)) C D, 0(0) = 0, aC^ map h: B{0,r)nN DnN^, where 
N is the kernel of A such that 

Em))^^{Av,v)+E{,y + h{,y)), (16) 

£, = J] + I' with h' E N and 1] G N-^ , where N-^ is the orthogonal of N with respect 
to (.,•). 



Proof. Consider the equation 

P • Vi?(i^ + 7/) = 0, (17) 

where {v,ri) G {D f\ N) x {D f\ N^) and P was defined in Remark 2.4. The 
function {v, ri) G {D H N) x {D H N-^) ^ F{v + r/) = PVE{v + if) G A^^ H 
Co([0, 1],M") is continuous by Lemma 2.6, moreover using (14) and (15), one can 
prove by a standard argument that it is differentiable with respect to the G^- 
topology with continuous differential. In particular F is differentiable with respect 
to 77 and its partial derivative d^F(0, G): N^C^ Co^([0, 1], M") ^ A^-^ n Cl{[0, 1],R") 
is the bounded invertible operator A. Namely, since P is a bounded linear operator 
and A assumes values in n Co([0, 1], i?"), it is enough to prove that 

^ .0, as h ci^O. 
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From (8), (10), (11) and (14), we have 



— (V^(77) - Ay 



-Gyy{s,o,o)Gyy{s, 0,0)1) 

+ G^^(s,0,0) / G,,(T,0,0)77dT-G^^(s,0,0)C7i(77) 
Jo 

- Gyy{s, 0, 0) • Gyg{s, 0, 0)7? - cyyis, o, o)C2{v) 
+ Gyy{s, 0,0) f GgyiT,o,o)f)dT ~ Gyy{s,o,o)G3iv) 



Since 



= \7E{o) = Gyy{s, 0,0) 



G,(r,0,0)dT + Gj,(s,0,0) + G(0) , 



we can add —VE{0) in the above equality and using the mean value theorem, for 
each s G [0, 1] and to each component of the function 



t e [0, 1] 



G,(t, tri{T),tri{T))dT + Gy{s, tl^{s), tr){s)) 



and the uniform continuity in [0, 1] x U x M" \ Z of the second derivatives of 
the function G, we get that for all e > there exists 6 > such that for all 

?/ e iv^ n C^{[0, i],M") with < <^ 



G^^(s,0,0) - / G,iT,7^,r,)dT+ G,iT,0,0)dT + Gy{.s,ij,f,) 



-Gyis,0,0)~Gyyis,0,0)ri+ / G,,(s,0,0)7?d 

JQ 

-Gyqis, 0,0)7]+ I Gqy{T,0,0)f]dT 



CO 



where || • \\co is the norm in the G'^-topology. Analogously, since 



G^^(s,0,0)j J Gyy{s,0,0)Gyy{s,0,0)j)ds ^ 0, 
recalling (9), (12), (13) and (15), we have 

\Gyyis,0,0){G{rj) - G(0) - Gi(r,) - G2(r?) - G^iv)) 

+ Gyy{s, 0, 0) ( ^ Gyy{T, o, o)dT) ^ G^«(r, o, o)Gj,j,(t, o, o)77dr) 

Therefore, by the implicit function theorem there exists a G^ map h : B{0, ri)riN — > 
B{0,Si) n such that 

P-VE{iy + h{iy)) = 0, (18) 
where -8(0, ri) and B{0,Si) are two balls in D centered at 0. 



<4v\\c^ 
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Now we consider the Cauchy problem in i?o([0, 1] 

Ai,{s) 




(19) 



where It G 5(0, ri). Observe that, as l|'!/'(s) < |s|, we have ||^(s, m) || > — |s|, 
thus the flow i}} is well-defined for \s\ < \\u\\ and ijj{s,u) G TV-*- if m G N-^. By 
Lemma 2.5, we can solve the above ODE in the Banach space N-^ n Co([0, 1],R") 
(observe that, since the function u e iV^ n Cq ([0, 1], R") i— > {Au, Au) is continuous 
with respect to the C^-topology, the right-hand side of the equation in (19) is locally 
Lipschitz in D C^{[0, 1],M") \ {0} with the C^-topology). 

Let us call ( the flow of (19) in N-^ n C^i[0, 1],M"). By the uniqueness of the 
solutions of the Cauchy problem (19), wc have C(s!") i^isju) for all s G [0, ||w||) 
and u G B{0,ri). Moreover the map (s,m) ^ ipl-s^u) is continuous on the subset 
of M X -6(0, ri) where it is defined with respect to the product topology of R and 
S(0,ri) with the C^-topology. Thus we can adapt the proof of the splitting lemma 
in [10, Theorem 5.1.13] to get the thesis. Namely, consider the functions 

T{u, v) = E{y + ^) - E{v + h{v)), T2{u) = ]-{Au, m). 



^ri-h{v) G iV^nCoH[0, 1],R"). Observe that ^^^(0, J/) 
h{i>)). Since in the topology, 



and d„ J^(0, v) 



where u 



from (18) we get that d^E{i^ + h{iy))[^] = for aU ^ G N-^nC^{[0, 1],R"). Observe 
also that the second Frechet derivative of at in D with respect to the variable 
u is equal to 



dlT{0,0) = dlE{0,0) 

As before d2^(0)Ki,6] = (^Ci,6) and therefore d2^(0, 0)[a, 6] - (^6,6) = 
(Aa,6) foraUei,6 GA^^nCi([0,l],R"). 

Since T is on D with respect to the C^-topology and G is on [0, 1] x [/xR"\ 
Z, taking (6) into account and using the uniform continuity of the second partial 
derivatives of G, we can state that for all e > there exists a ball B{0,r2) C D, 
with 7^2 < ri such that 

\J'iu,iy)-J^2iu)\ = \Tiu,u) - T{0,iy) ~ du:F{0,iy)[u] ^ T2iu)\ 

nl 



(1 - s) {dlT{su, v) - d2.F(0, 0)) [w, u]di 



< e u 



(20) 



for all {u, v) G (B(0, ra) ("1 N^) x (B(0, ra) n N). Moreover 



\T2{ip{t,u)) - T2{u)\ 



* d 

—T2{'<l!{s,u))ds 



ds 



V.F2(V'),V' ds 



\\Ai,{s)\\ds>C \\^j{s)\\ds>C[\\u\\\t\-- 



(21) 
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where C is a positive constant depending only on the spectral decomposition of A 
in N-^. As J-'2{ip{t, u)) is strictly decreasing in t, from (20) and (21) we get that, if 

e < f' 

holds, for all t such that 



<l^l<hll 

and for all u G -6(0, r2). Therefore, by continuity, there exists a unique t = ?(«, v), 
with 

\tiu,:.)\<\\u\\ 

such that 

T2{ij{t{u,iy),u))=J^{u,i^). (22) 
By the implicit function theorem, the function t = t{u, v) has to be continuous 
in the topology. Therefore the map (p is given by the inverse of the map 9 = 
(u, v) £V i'&iu, v), v), where is defined as 



if u = 

t/j{t{u,i'),u) if u ^ 



and V = 0-\B{O,r)) where 5(0, r) C e{B{0,r2)). Eqs. (16) then follows from 
(22). □ 

Remark 2.8. By the localization argument, the energy functional of a Finsler metric 
is treated as the action functional of a Lagrangian which is smooth outside the closed 
set Z and it is strictly convex in the velocities. Therefore the splitting lemma above 
also holds for the action functional of any smooth Lagrangian of this type or any 
such a Lagrangian which is non-smooth only on a closed subset of TM which does 
not intersect the support of the critical point x and its velocity vector field. 

Theorem 2.7 allows us to compute the critical groups of an isolated critical point 
as, for instance, in [10, Corollary 5.1.18]. In particular we can obtain the Morse 
relations of geodesies connecting two non-conjugate points in a Finsler manifold 
(Theorem 3.4). 

Our reference about Morse theory for a C^'^-functional defined on an infinite 
dimensional manifold is [26] . Let be a complete Hilbert manifold and f : fl ^ M. 
be a C^'^-functional. Let us denote by K. the set of the critical points of/. Let u & K. 
and [/ be a neighborhood of u such that ICdU = {u}. For each n £ N, let us denote 
by C„(/, u) the n-th singular homology group of the pair {f^nU, f'^r\U\{u}) over the 
field K, where c = f{u) and = /~^((— cx), c]). Let b,a gM., b > a. We denote by 
M(r, Z*", /°) the formal series with coefficients in NU -l-oo defined by M(r, f'', /°) = 
EnZMn{f'',ry\ where M„(/^^) = E„eycn/-([a.fc])dimC„(/,«). We will 
denote M(r,/^0) and Mn{,f,%) by M{r,f^) and A'Ulf). Assume that: 

i) all the critical points of / are isolated, 

ii) / satisfies the Palais-Smale condition, i. e. any sequence {a;„} C such 
that f{xn) is bounded and (\f{xn) ~> as n — > -f-oo admits a convergent 
subsequence 

iii) Mnif'^, /°) is finite for every n and equal to zero for n large enough, 
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then there exists a polynomial Q{r), with nonnegative integer coefficients, such 
that M{r,f'',P) = Pir.fj") + (f + r)Q(r) where Pir.fj") is the Poincare 
polynomial of the pair (/^r), i. c. P{rj\n = ^^^^0 S„(/^ T )r", where 
Bn{f^, /°) is the dimension of the n-th singular homology group of the pair (/'', /") 
over the field K. 

Observe that under the assumptions i) and ii), / has only a finite number of 
critical points on the strip f~^([a, b]). If in addition to i) — iii), we have also that 

iv) / is bounded from below, 

then, choosing a < info /, we get 



Theorem 2.9. Let {M,F) be a Finsler manifold, and pq^qq two non-conjugate 
points in (Af , F) and assume that that F is forward or backward complete. Then 
there exists a formal series Q{r) with coefficients m N U {+00} such that 



where T is the set of all the geodesies connecting po to qo and fi{x) is the number 
of conjugate instants, counted with their multiplicity, along the geodesic x. 

Proof. Since the points po and qq are non-conjugate in (M, F), any critical point x 
of E in r2pQ^go(A/) is isolated and A has zero null space. 

If (M, F) is forward or backward complete then E satisfies the Palais-Smale 
condition on npg^gg{M) (see [H, Theorem 3.1]) and it is bounded from below. 

Using Theorem 2.7 we can compute the critical group C„(i?, x). Let be the 
image of the map in (5) associated to the critical point x and consider the 
functional E in (3) associated to ip^. Since the critical point x is non-degenerate, 
by Theorem 2.7, there exists a local homeomorphism (f>: B = B{Q,r) (f>{B) C D 
such that 0(0) = and 



Let O — <p{B) and consider the deformation ■0: O x [0, 1] ^ O defined as 



where ^+ + = 0~^(^) and ^-(_ e H^^ and ^_ e Hj^ and iJ_ being the 

positive and the negative space of A according to its spectral decomposition in 
Hq([0,1],R") endowed with the scalar product (7). Since ^ is a compact defor- 
mation of the identity operator (see the proof of Lemma 2.2), we know that is 
finite dimensional. 

Then ip is a, deformation retract of E^-^^ n O to E^'^ n 0_ , where 0_ = (p{Br] ) , 
X = CoH[0, 1], U) and c = £^(0). Therefore 

Hr^iE^x nO,E^x(^0\ {0}) = H^iE^x n n O- \ {0}) = <5„,fcK, (24) 

where k is the index of A as a bilinear form on Cq([0, 1],R"') or equivalently on 
if|J([0, 1],M"), that is fc = dim(i7_ n X) = dimi?_, and Sn,k is the Kronecker's 
delta. By [24, Theorem 41.1, Theorem 43.2], we also have k = fi{x). 



M{r, fb)=P{rj'') + (l + r)Q{r). 




(23) 



E{m)^l{M,^)+m. 



^(^,t) = 0((l-Oe++e-), 
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Since Cq([0, 1],M") is immersed continuously in H^{[0,1],U), by the excision 
property of the singular relative homology groups we have 

HniE^x no,E^xno\ {0}) = H,-,{E^x n d*,E^x n o* \ {o}) (25) 

where O* is any ncig hborhood of in H^{[0,1],U). On the other hand by [32, 
Theorem 16 and Theorem 17], and the fact that the map (y9* is a homcomorphism, 
we get 

HniE^^riO*, Elxnd*\{0}) = H„(i?'=no*, E''nd*\{o}) i?„(£:"no*, £;"no*\{x}) 

(26) 

where O* = ip^{0*). Putting together Eqs. (24)-(26), we get 

Therefore the assumptions i) — iv) arc satisfied and the Morse relations 

r^(-) =P(r,S'') + (l + r)0(r) (27) 

hold. Finally, arguing as in the proof of [I'l, Theorem 1.7], we can pass to the limit 
on both sides of (27) obtaining (23), as b +oo. □ 

Remark 2.10. Although the distance (2) associated to a Finslcr metric is not a true 
distance due to the lack of symmetry, we can define a symmetric distance as 

dist,{p,q) = i(dist(p,g) +dist(g,p)), (28) 

for every p,q e M. Let us observe that if the closed balls for the symmetrized 
distance are compact, then the energy functional of the Finsler metric satisfies the 
Palais-Smale condition. This fact came out when studying the relation between 
causality and completeness of Format metrics (see ['.), Theorem 4.3 and Theorem 
5.2]). This condition is equivalent to have compact interesections B^{j), r)C\B~' {p, r) 
for every p € M and r > 0, where B~^{p,r) ~ {q & M : dist(p, g) < r} and 
B~{p,r) = {q G M : dist((?,p) < r} (see [!), Proposition 2.2]). If F is forward 
or backward complete, the Finslerian Hopf-Rinow theorem implies that F satisfies 
the above condition, but the reciprocal is not true (see [!), Example 4.6] for an 
example of a Finsler metric with compact symmetrized closed balls that is neither 
forward nor backward complete). In fact, the proof of the Palais-Smale condition 
for the Finslerian energy functional written out in ["^, Proposition 3.1] works under 
the above equivalent conditions (for example B^{p, r) DB^ {p, r) compact for every 
p £ M and r > 0). For further details, see the comments before Theorem 5.2 in 
[!)]. Then the Morse relations for geodesies connecting two non-conjugate points on 
a Finslcr manifold (A/, F) hold also under the more general assumption that the 
closed balls of the symmetrized distance associated to F arc compact. 

Remark 2.11. The restriction to curves, whose images are in a neighborhood of 
a given geodesic x, can be performed also for periodic boundary conditions. In the 
Finsler case, we have to take into account the equivariant action of 5*0(2) on the 
free loop space f2(M). Then a proof of the Morse relations for closed geodesies of a 
Finsler metric might be obtained along the same lines of [IS, Lemma 4], considering 
the intersection of a tubular neighborhood of an isolated critical orbit SO(2)x in 
n{M) with the Banach manifold C^{S,M). 
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3. Morse theory of lightlike geodesics 

A conformally standard stationary spacetime is a Lorentzian manifold {A4 , g) 
such that M ^ Mo xM. and 

g[x, t)[{y, t), (y, r)] = a{x, t){go{x)[y, y] + 2go{x)[5{x), y]T - Pix^), (29) 

where (a;,t) G A^o x iUi''') £ TxAdo x R, go is a Riemannian metric on AAq 
and S, (3 and a are, respectively, a smooth vector field on A4o-, a smooth positive 
function on Mo and a smooth positive function on M. We will denote by go the 
conformal Riemannian metric go/P- Since lightlike geodesics and conjugate points 
along lightlike geodesics are preserved under conformal changes of the metric we 
can divide (29) by a/?, and so we can assume that the metric g is given by 

g{x,t)[{y,T),{y,T)]^go{x)[y,y]+2go{x)[S{x),y]T~T\ (30) 

By definition, a smooth lightlike curve [a,b] 3 s ^ 7(5) = {x{s),t{s)) G M has to 
satisfy the equation 

go{x)[x,x] + 2go{x)[S{x),x]i - P = 0, 
and therefore the derivative of the t component is given by 

i = \/9o{x)[i,x] + go{x)[6{x),x]'^ + go{x)[6{x),x] (31) 

or 

i = -^/go{x)[x,x] +go{x)[S{x),x]'^ + go{x)[5{x), x]. 

Notice that in the first case t > (the lightlike curve is future-pointing) while in 
the second one t < (the lightlike curve is past-pointing). The right-hand side 
of the first equation and minus the right-hand side of the second one defines two 
Randers metrics on A^o tiiat will be denoted, respectively, by F and 

F{x, y) = \/go{x)[y,y] + go{x)[d{x),y]'^ + go{x)[S{x),y] (32) 
F^{x,y) = y^go{x)[y,y]+go{x)[S{x),y]'^ - go{x)[S{x),y] 

Such Randers metrics play an important role in the study of lightlike and timelike 
geodesics on a conformally standard stationary spacetime as we will see below and, 
moreover, they give a lot of information about the causal structure of such type 
of spacetimes (see [s]). As in [8, 9] we will call the Randers metric F the Fermat 
metric associated to {M,g). 

Lightlike geodesics connecting an event p on a spacetime with a timelike curve 
7 : (a, b) — > M can be characterized by a variational principle (a Fermat Princi- 
ple) stating that, among all the future-pointing (or past-pointing) lightlike curves 
z: [0, 1] M such that z(0) = and z(l) G 7((a,6)), the lightlike geodesics are 
all and only the curves making stationary the arrival time functional T that is the 
functional z 1-^ T{z) — 7~^(z(l)). This is a fairly well known fact since the be- 
ginning of general relativity, but a precise formulation with the above generality 
and a rigorous proof was given only in the '90s by I. Kovner and V. Perlick (see 
[22, 33]). In the case of a conformally standard stationary spacetime, if we consider 
an observer whose world line 7 is the vertical line R 9 s — > (xi, s) G the arrival 
time T coincides with the value of the global time coordinate t at the endpoint of 
the curve [0,1] 3 s ^ z{s) ~ {x{s),t{s)) G M. Therefore, for a future-pointing 
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lightlike curve, from (31) wo get 




hence T{z) is equal, up to an additive constant, to the length with respect to F of 
the projection of z on Mq. The Kovncr's Fermat principle can be formulated as 
follows (see [cS, Theorem 4.4]) 

Proposition 3.1 (Fermat's principle). Let {A4,g) be a standard stationary space- 
time, p = ipo,to) G M, [0,1] ^ s ^ 7(s) = (go,s) e M, po.qo G Mo- A curve 
[0,1] 9 s — > z{s) = (a;(s),i(s)) G A4 is a future-pointing lightlike geodesic of{A4,g) 
as in (30) if and only i/[0, 1] 9 s — > x{s) G Mo is a geodesic of the Fermat metric F, 
parametrized with constant Riemannian speed go{x)[6{x), x]'^ -\- go{x)[x , x] = const., 
and t{s) is given by 



By the Format's principle the search of lightlike geodesies in a stationary space- 
time can be reduced to the search of geodesies in the Finsler manifold {Mo, F). 

Let z = {x, t) : [0, 1] ^ be a future-pointing lightlike geodesic. By Propo- 
sition 3.1, X is a geodesic in {Mo,F). We will denote by ^{z) (resp. fi{x)) the 
geometric index of z (resp. x), that is the number of conjugate points along z 
(resp. x) counted with their multiplicity. 

We recall that on a Lorentzian manifold {M , g) the notions of Jacobi vector 
field, conjugate instant and non-conjugate points are given, as on a Riemannian 
manifold, using the Levi-Civita connection and the Ricmannanian curvature tensor 
(see for instance [-HI]). 

We are going to show that the geometric index of z coincides with the geometric 
index of its spatial projection x as a geodesic of the Fermat metric. This fact will 
allow us to bring the Morse theory for Finsler geodesies to the Morse theory of 
lightlike geodesies. 

Theorem 3.2. Let {M,g) be a conformally standard stationary spacetime, [0, 1] 3 
s — > z[s) = {x{s),t{s)) € M be a future-pointing lightlike geodesic. Let F be 
the Fermat metric associated to {M,g). Then the points x{0) and x{l) are non- 
conjugate along the geodesic x in {Mo,F) if and only if the points z(0) and z(l) 
are non-conjugate along the lightlike geodesic z in {M,g). Moreover 



Proof. As conjugate points of lightlike geodesies are preserved by conformal changes 
with their multiplicity, we can consider the metric g as in (30), which can be 
expressed as 



where Q;(a;)[w, f] — goix)[v,v] -\- go{x)[v, S{x)]'^ and a{x)[v , ri{x)] = go{x)[v,S{x)] for 
every v G T^M . Let V be the Levi-Civita connection of the metric a and consider 
the (1, l)-tensor field on Mo defined as 




(33) 



g{x)[v,v] = a{x)[v,v] - (r - a{x)[v,i]]f, 



(34) 
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Since dt is a Killing vector field for {Ai,g), we know that for any geodesic 
z ~ {x,t) in {Ai^g) there exists a constant Cz such that 

Cz^i-a{x)[x,rfi. (35) 

Then considering variation vector fields having vanishing t component, from (34), 
one can easily see that the x component of a geodesic z of {Ai, g), as a critical point 
of the functional (1), has to satisfy the equation 

Vii = -CMx]. (36) 

The linearized equations of this system (35)-(36) are 

J" = -R{J, x)x - C.iw^[x] - Czi^jn)[x] - C,n[J'], 

W' = Ciw + a{x)[J', 7]] + a{x)[x, Vjt]]. (37) 



On the other hand, the Fermat metric can be expressed as F{x, v) = ^ya{x)[v, v] + 
a{x)[v,ri\ and its geodesies with constant a-Riemannian speed are determined by 

ViX = -C^nix], (38) 



where Cx — \/ ol(x, x) (see [5, boxed formula at p. 297]). The linearized equation 
of (38) is 

J" = -R{j,x)x - ^i^MM2)iZMf][i] _ Cx(yjn)[x] - Cxn[j']. (39) 

If (J, W) is a Jacobi field of z satisfying (37) with (J(0), 1^(0)) ^ ( J(so), M^(so)) = 
(0,0), then from (37), using integration by parts, Eq. (36) and the fact that 
a{x)[x, J'] is constant along x (as can be verified by a direct computation, tak- 
ing into account that the operators and Vjfi are skew-symmetric), we obtain 
the following chain of identities: 

/•So 

W{so) = soCj,w + / {a{x)[J',r]]+a{x)[x,Vjr]])ds 
Jo 

/•So 

= sqCj^w + / a{x)[il[x],J]ds 
Jo 

= soCj^w - TT / a{x)[V±x, J]ds 
Jo 

= soCj,w + ^a{x{Q))[x{Q),J'm- 

We observe that because z is lightlike. As W{so) = 0, last formula implies 

that Cj^w = —{oi{x{0))[x{0), J'{0)])/Cz and therefore J satisfies (39) taking Cx = 
Cz- Analogously, we can show that if J satisfies (39) and has a conjugate instant sq, 
then we can construct a Jacobi vector field (J, W) satisfying the system (37) with 
Cz = Cx, Cj^w = — (ck(2:(0))[i(0), J'(0)])/Cz and having a conjugate instant in sq- 
In conclusion, there is a bijection between the Jacobi vector fields of z vanishing in 
and So and the Jacobi vector fields of x (as a Fermat geodesic) that are zero in 
and Sq. This concludes the proof. □ 

Remark 3.3. The conjugate points of a Fermat geodesic x, when it is parametrized 
with constant a-Riemannian speed, coincide with the conjugate points when it is 
parametrized with constant Fermat speed. Indeed, let J be a Jacobi vector field 
and r : [0, 1] x (— e,e) — > A^o be a variation, by means of geodesies parametrized 
with constant Finsler speed, generating J . Then we can consider a variation of 
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geodesies with eonstant a-Rieniannian speed as [0, 1] x (— £, e) 3 (s, w) — > r(s, w) = 
r{tptu{s),w) G Ma, where [0, 1] 3 s ^ i^w{s) G [0, 1] is the reparametrization giving 
geodesies with constant a-Riemannian speed. Consequently, the Jaeobi vector field 
J corresponding to the variation F can be expressed as J(s) = <7{s)x{s) + J{ipo{s)) 
for every s G [0, 1] (here x{s) — r(s,0)). We observe that if [0, 1] 3 s ^ (j{s)x{s) 
is a Jaeobi vector field along x, then a must be an affine function. This can 
be easily seen, using that a{x)[x,J'] is constant. It follows that if we take J 
such that J(0) J(to) = with to = Vo(so), then J(s) = J(s) - ^^sx{s) 
satisfies J(0) ~ J(so) = and it is the unique Jaeobi vector field of the type 
J(s) = J(s) + (T(s)i(s) satisfying this property. Conversely, if J is a Jaeobi vector 
field generated by a variation of geodesies with constant a-Riemannian speed and 
such that J(0) = J(so) = 0, there exists a function a: [0, 1] M. and a family of 
reparametrizations [0, 1] 3 t ^ 4>w{t) G [0, 1] such that J{t) ~ a{t)x{t) + J{(j)w{t)) 
is a Jaeobi vector field corresponding to a variation of geodesies parametrized with 
eonstant Finslerian speed. Using again the fact that (T{t)x{t) is a Jaeobi vector 
field if and only if a{t) is an affine function ( which can be seen now directly by 
the Jaeobi equation in Finsler geometry, see for instance [39, formula (6.1)]) we 
conclude as before that there exists a unique Jaeobi field J corresponding to J 
such that J(0) = J {to) = 0, where to = 4>o{so)- Therefore there is a bijection 
between the conjugate points preserving the points in the geodesic and the order 
of conjugacy. 

We pass now to study the Morse relations for lightlike geodesies connecting 
p = (po, 0) to the curve K 3 s ^ 7(5) = (go, s) G A^o x K, po, qo S ^o- 

Theorem 3.4. Let (A4,g) be a globally hyperbolic conformally standard stationary 
spacetime, p = {po,to) G -M and M 9 s — > 7(5) = (^o,*) ^ M. Assume that for 
each s G M the points p and {qo,s) are non-conjugate along every future-pointing 
lightlike geodesic connecting them. Then there exists a formal series Q{r) with 
coefficients m N U {+00} such that 

^ r^(^) =P(r, (Xo)) + (l + r)g(r), (40) 

where Gp^-y is the set of all the future-pointing lightlike geodesies connecting p to 7. 

Proof. Let F be the Fermat metric in (32). From Proposition 3.1, any geodesic x 
in {Mo,F) connecting po to go corresponds to a future-pointing hghtlike geodesic 
[0,1] 9 s ^ z{s) = {x{s),t{s)) G M connecting p to 7 and vice versa. From 
Theorem 3.2, the points po and qo are non-conjugate in {Aio, F) and iJ,{x) = iJ-{z). 
Moreover, by [9, Theorem 4.3] as {Ai,g) is globally hyperbolic, the Fermat metric 
F has compact symmetrized closed balls. Then (40) comes directly from (23) and 
Remark 2.10. □ 

Remark 3.5. Observe that taking r = 1 in (40) gives 

00 00 

^ 7V„ = ^ B,,{np„^g^{Mo)) + 2Q(1), 

ri=0 ri=0 

where Nn is the number of future-pointing lightlike geodesies having index n. If 
Mo is contractible then i?o(f2po,<?o (-^0)) = 1 and Bn{^po,qo{Mo)) = for alln > 1. 
Therefore the number of future-pointing lightlike geodesies joining p to 7 is infinite 
or odd. 
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Remark 3.6. The Morse relations of lightlike geodesies connecting p to 7 in a stan- 
dard stationary spacetime were obtained in [13] by using the functional 

J{x) = J go{x)[5{x),±]ds + (^j {gQ{x)[5{x),xY + gQ{x)[x,x\)ds 

and the following Fermat principle: a curve [0,1] 3 s ^ z{s) = {x{s),t{s)) G AA 
is a future-pointing lightlike geodesic connecting p ~ {po, to) and M. B s ^ 7(5) = 
{qo, s) S if and only if x is a critical point of J and t{s) = to + F{x, x)diy. In 
[13] was also claimed that the the Morse index of a critical point a; of J is equal 
to to the geometrical index of the corresponding lightlike geodesic z, but there is a 
gap in the proof of that statement. 




4. Morse theory of timelike geodesics 

The reduction of Morse theory of lightlike geodesics connecting a point with a 
timelike line on a stationary spacetime {Aio x K,g) to Morse theory of geodesics 
of a Finsler metric on Mq can be also carried out for timclike geodesics. Namely 
timelike geodesics can be viewed as projections on Ai of lightlike geodesics in a 
one-dimensional higher stationary spacetime as follows. 

Let {A4,g) be a standard stationary spacetime (that is g is given by (29) and 
a(x,t) ~ 1; since timelike geodesics are not invariant under conformal changes 
of the metric, this time we cannot divide g hy (3). We seek for timelike geodesics 
z: [0,s] ^ M connecting a point {po, to) S M with a timelike curve M 9 s ^ 7(3) = 
(go, s) € ^A and parametrized with respect to proper time i.e. = g{z)[z, z] = — 1, 
for aU s £ [0, s]. 

We extend the Riemaimian manifold Aio to the manifold A/q = A^o x M endowed 
with the metric 77,0 = .go + '^u^ where u is the natural coordinate on M, and we 
associate to the manifold Aq the one dimensional higher Lorentzian manifold {M, n), 
with the metric n defined as 

n{x,u,t)[{y,v,T), (y,w,r)] = go{x)[y,y] + + 2go{x)[S{x),y]T - P{x)t^. (41) 

Since c?„ is a Killing vector field for the metric n, geodesics <j = {x,u,t) in {N,n) 
have to satisfy also the conservation law n[^, i9„] = const., which implies that the 
u component of a geodesic is an afhne function. Moreover the projection [a, b] 9 
s — > z(s) = {x{s),t{s)) S of c is a geodesic for (A4,g). In particular lightlike 
geodesics of the metric n satisfy the following equation 

go[x, x\ + 2go['5, x\i ~ (iP = —v? = const. 

Thus in order to find timclike geodesics z = (x,t) in {Ai,g), parametrized with 
respect to proper time, it is enough to find lightlike geodesics in (A/", n) whose u 
component has derivative equal to 1. The Fermat 's principle can be restated in 
{Af,n), reducing future-pointing lightlike geodesics on {M,n) to geodesics for the 
Fermat metric F on the manifold Aq, where F is given by 



F{{x, u), {y, v)) = J ^;3^(fo[2/, y] + v^) + j^go[S{x),y]^ + -p^9o[5{x), y], 



for all {{x,u), {y,v)) £ TMq. Summing up Theorem 3.2 and Theorem 3.4 we get: 
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Theorem 4.1. Let {Ai,g) be a standard stationary spacetime, [0, s] 3 s z{s) = 
{x{s),t(s)) ^ Ad be a future-pointing timelike geodesic connecting the point p = 
(poi^o) to the curve R 3 s ^ 7(5) = (gojs) G M-, qo G Mo- Let F the Fermat 
metric associated to {J\f,n). Then the points {po,0) and {qQ,s) are non-conjugate 
along the geodesic [0, s] 9 s — > x{s) = {x{s), s) in (TVo, F) if and only if the points p 
and {qo,t{s)) are non-conjugate along the timelike geodesic z in {A4,g). Moreover 

If for each s G M, the points p and (qo,s) are non-conjugate along every future- 
pointing timelike geodesic, parametrized with respect to proper time on the interval 
[0, s] and connecting them, and {M,g) is globally hyperbolic, then there exists a 
formal series Q{r) with coefficients in N U {+00} such that 

r^W =P(r,f)p„.,„(A1o)) + (l + r)Q(r), 

where Tp^-y is the set of all the future-pointing timelike geodesies [0, s] 9 s — > z(s) = 
{x{s),t{s)) G M parametrized with respect to proper time and such that z{0) — p 
and x{s) = qQ. 

Proof. The first part of the theorem comes arguing as in Theorem 3.2, observing 
that a Jacobi vector field ^ = {U, T) along the lightlike geodesic [0, s] 9 s ^ ^(s) = 
(a;(s), t(s), s) in (A/", n), with vanishing endpoints, has T component equal to and 
U component which is a Jacobi vector field along the timelike geodesic z. 

The second part comes arguing as in Theorem 3.4, after having observed that 
if the Fermat metric F associated to {A4 , g) has compact symmetrized closed balls 
the same holds for F. Namely if {(a;„,M„)} C A/o is contained in a symmetrized 
closed ball of center {x,u) G Alo x 1^ and radius r > 0, then it is easy to see 
that Xn is contained in the symmetrized closed ball for F of center x and radius 
r, which is compact because {M.,g) is globally hyperbolic (see [!), Theorem 4.3 
]). Therefore, there is a subsequence Xn^ of Xn that converges and (3 is bounded 
on this subsequence. Thus also admits a convergent subsequence u„, in R and 
therefore {(a;„,, u„j)} converges. Finally, observe that the manifold ri(p^ Q) (qQ 5) (TVo) 
is homotopically equivalent to fipQ^gg (A^o)- D 

5. Appendix 

In a paper about Morse theory of causal geodesies in a globally hyperbolic Lo- 
rentzian manifold [41], K. Uhlenbeck introduced the following functional 

J{z)= f\g{z)[z,z] + {^f)ds, (42) 
Jo 

defined on the set of piecewise differentiable curves on A/J satisfying the constraint 
3(z)[i, i] = and the boundary conditions z(0) — p, z(l) = {q^, Pz{l)), where 
P: A^ — > R is the natural projection on R, and proved that critical points of J are 
all and only the lightlike geodesies connecting p to the line s 1-^ {qo,s). 

In this appendix we study, whenever A4 is conformally standard stationary, the 
relation between J and the energy functional E of the Fermat metric. We will show 
(Proposition 5.3) that the Morse index mj{z) of a critical point z = {x,t) of J is 
equal to the Morse index mE{x) of critical point of E. 
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This fact provides a variational and alternative proof of the equality (33) since 
by Theorem 5.1, fj,{z) = mj{z) and by [24, Theorem 41.1 and Theorem 43.2] we 
also have ^{x) = mE{x). 

As K. Uhlenbeck observed, the constraint equation g{z)[z^ z] = does not define 
a smooth submanifold of the set of piecewise differentiable curves in M., however 
J is differentiable if viewed as a functional on the set of piecewise differentiable 
regular (i.e z{s) ^ 0, where it is defined) curves on M.^. This can be done after 
solving the constraint equation with respect to t, for any fixed x. The Lorentzian 
metric considered in [41] is of the type ^(a;, f)[(y, r), (y, r)] = gQ{x,t)[y,y] — 
where, for any i £ R, go{-,t) is a Riemannian metric on A^o- The solutions tx of 
the differential equation 



arising from the constraint equation, are defined on the whole interval [0, 1] if 
a rather technical growth assumption on the metric go is fuUfiUed. The critical 
points of J are exactly the lightlike geodesies [0, 1] 9 s ^ z(s) = {x{s),t{s)) G Ai 
connecting the point p to the curve R 9 s ^ 7(3) = {qo,s) G Ai, parameterized 
with i constant. Moreover she proved the following Morse index theorem (see [41, 
Lemma 4.2]): 

Theorem 5.1 (Uhlenbeck). J is twice Gateaux differentiable at any critical point 
(a lightlike geodesic). Its second derivative at a critical point z is given by 



where U and V are piecewise smooth vector fields along z such that U (0) = V{0) = 
= V{1) = U{1), g{z)[z,U] = g{z) [z,V] = 0, c is a function such that C = c(s)i, C 
the parallel transport o/i(l) along z, \/P is the gradient of P and R is the curvature 
tensor of {A4 , g). A critical point is non degenerate if and only if its endpoints 
are non-conjugate. The index of a critical point is equal to its geometrical index 
as a lightlike geodesic, that is the number of conjugate points counted with their 
multiplicity. 

Remark 5.2. The above theorem is based on the existence of a global time function 
P and on the fact that z is a lightlikc geodesic. It does not depend on the form of 
the metric g, neither on assumptions on the metric coefficients, nor on topological 
assumptions as global hyperbolicity. This fact was exploited in the paper [15]. The 
key point in the proof of Theorem 5.1 is that, if z is a lightlike geodesic, the bilinear 
form at the right-hand side of (43) is a compact perturbation of a positive definite 
invertible operator on the completion of the space of piecewise smooth vector 
fields U along z satisfying the condition g[z, U] = 0. 

Thus the Morse index of J at a critical point is finite and is equal to the dimension 
of the kernels of the above bilinear forms along z{s) which are isomorphic to the 
space of Jacobi vector fields along z which vanish at the initial point and in some 
other point s G (0, 1). 

In the following proposition the equality between the Morse index of J and E is 
stated. 



i = ^ygo{x,t)[x,x], 




+ c{s){g{z)[\/iU,ViV] - g{z)[R{z,U)z,V]))ds, (43) 
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Proposition 5.3. Under the assumptions of Theorem 3.2, we have that 

mj{z)=mEix), (44) 

where mj{z) and mE{x) are respectively the Morse indexes of the functionals J 
and E at their critical points z and x. 

Proof. Let us denote by / the functional given by (42) defined on the manifold 
Q,p_^{M) of H^- curves in Ai connecting p to 7(K). Observe that J is equal to the 
functional / restricted to the set Ap,^(A^) C Vlp^^{M) of future-pointing curves such 
that g{z)[z,z\ = 0, a. e. on [0,1]. Consider the map 5": Hp^ gg (A^o) ^ ^p,i{^) 
defined by 

'^{x){s) = {x{s),to+ [ F{x,x)diy). 
Jo 

Observe that / is a smooth functional and is differentiable at any regular curve x. 
Clearly we have that J{z) = (/ o ^){x) ~ 2E{x) and, for any ^,?7 G Tx:npg^qg{Mo), 
d^'(a:;)[^] is equal to 

d*(x)K](s) = (^as)J\F,{x,xm+Fyix,xmds^ , (45) 

hence d'^{x) is an injective map. Since a; is a critical point of the length func- 
tional X 1-^ Jq F{x,x)ds, we have that for any ^ S TxQpg^qg{Mo), d^'(a;)[^](0) = 
d4'(x)[^](l) = 0. Let now U{s) ~ {Uo{s),t{s)) be a vector field along z such that 
C7(0) = t/(l) = and giz)[z,U] = 0. We will show that d'^{x)[Uo] = U and 
hence d'^(x) is an isomorphism between the space of piecewise smooth vector fields 
along X vanishing at the endpoints and the space of admissible variations for J (see 
Theorem 5.1). Observe that g{z)[U, z] = implies that 

9o{x)[Uo,x] + gQ{x)[S{x),UQ]i + go{x)[S{x),x]T - Tt = 0. 

By (31) we get 



gQ{x)[Uo,x] + go{x)[6{x),Uo]F{x,x) ~ T^/a{x)[x,±] = 0, 
where a{x)[x,x] ~ go{x)[x,x] + go{x)[S{x),x]'^. Hence 

go{x)[Uo, x] + go{x)[S{x), Uo]F{x, x) 

T ~ . 

y'a{x)[x,x\ 

From (45), since a; is a geodesic for the metric F and J7o(0) = 0, the t component 
of the vector field d^'(a;)[[/o] is equal to Fy{x,x)\Uo{s)], which is given by 

Fy{x,x)[Uo{s)] = 

- / Nr./ N rr 1 1 ~9Qi.x)[5{x),Uo]go{x)[5{x),x]+gQ{x)[UQ,x\ 

^Ja{x)[x^ x\ 

Let If = (f{r,s): (—£,£) x [0,1] ^ be a variation defined by the admissible 
variational vector field U = {Uo,t), and ipo = foif^s): (—£,£) x [0,1] Mo be 
the one defined by Uq^ wc have that 

i?V(z)[[/,C/]^ilj(^(r,.))|^^„ 

= ^n^iMr, = 2^E{Mr, = 2D^E(x)[U,, U,]. (46) 
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From (46), by polarization, we get the equality between (43) and the index form of 
the metric F and then the equality (44). □ 
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